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�õÀÖõ 1.3¤¢ ñ�Þµ�� ��÷ ��ìø� ü¡Â� .ÝþÂ� üõ ¤�Ø� ßØÞõ ý¢øÀ� �� ø ßÿÞÎõ�÷ ý�û¢�Àþø ¤ ý�Â� �¤ ñ�Þµ�� �ÞÜî ùÂõ¥ø¤ ö��¥ ¤¢Â� �õ Ç¿� ßþ� ¤¢ .¢¤�À÷ À¬¤¢À¬ �±�� �î ´¨� ý¢�À¡¤ ý�Â� ø ùÀª ¥�Â�� �õ ý�Â� í�ØÈõ ø ñ�±ì� ø Å÷�ª ö�� üÞ�û�Ôõ.ÝþÂ±� ¤�Ø� ßÿÞÎõ ý��ãõ ¤¢ �Â÷� ß�÷��ì ø ¼þÂÈ� �¤ ñ�Þµ�� �� Ý�÷��û ý¥�� ¤¢ ¢Â� Å÷�ª �ó�Æõ �ÂÏ �� ,ü���ó�µþ� ö�À�ÞÈ÷�¢ (1564-1642)�Ü�ó�ð ø (1501-1576) 1ö�¢¤�î �Àµ�� ¤¢ý�Â� �Æ÷�Âê éøÂãõ ö�¥��¤�Þì ø ö�ð¢�¥ é�Âª� ¥� üØþ Å³¨ .´êÂð ¤�Âì ü���ó�µþ� ö�¥��¤�Þì ���� ¢¤�õ �î À÷¢�¢ ��¹÷� ü��û¤�î(1601-1665)3�õÂê ø (1623-1662)2ñ�Ø¨�� ý�Æ÷�Âê ¤�úÈõ ö�À�®�þ¤ ø¢ �� ¢Â÷ ø §�� �� ´¡�� ø ¢Â� ´Üä ¼�®��ý¤��Æ� ö�÷�À�®�þ¤ ���� ¢¤�õ �ó�bÆõ ßþ� ÝûÀ¹û ø ÝûÀÔû öÂì ¤¢ .Àþ¢Âð �ÂÎõ ÝÜä ×þ �¤�Ê� ñ�Þµ�� ø Àª Û¨�µõ¥� ýÂ�ÆÔ� �î ¢¤ø� (1812-1820) ���Þµ�� üÜ� Ü½� ý¤�ÿ � �� ÷ � � ü�� µî ¤¢ §��� �¤ ¸þ� µ ÷ ÛÊ��õ ø ´êÂð ¤�Â ìü÷�À�ÞÈ÷�¢ Å³¨ ø ¢�Þ÷ ÓþÂã� ýÂÆî �¤�Ê� �¤ Àõ�È�� ×þ ñ�Þµ�� §��� .¢�� ���Þµ�� ü®�þ¤ ×�¨�î �þÂÑ÷.À÷¢Âî ¤�î ���Þµ�� ù¤� �¤¢ 4 �� �� ó é¥ø� ø Å�� §�õ�� ,Â±õ��¢ ö�� ,¤ø��õ ��û�Â �� ,üó�÷Â � ��î�� ,üó�÷Â � Û�÷�¢ ö��ü®�þ¤ �f õ�î �b ±�� ñ�Þµ�� �� ø ¢Âî üêÂãõ �¤ ñ�Þµ�� ñ�¬� 1933 ñ�¨ ¤¢ ü¨ø¤ ö�À�®�þ¤ (1903 -1987)éøÂð�Þó�îüØª�� ø ü��Ìì ��Üä üµ� ø üä�Þµ�� ��Üä �ÜÞ¹�õ ,ÓÜµ¿õ ��Üä ¤¢ ���Þµ�� ö��î� Ýû �� ùÀª ¶ä�� ÝÜä ßþ� ©ÂµÆð .¢�¢.Àþ� ��Æ½� �ûùÀþÀ� Û�Ü½� ý�Â� üÞúõ ¤����¤¢ �»÷� À�¨¤ üõ ÂÑ�� .À÷Àª Õ�ÔÜ� Ýû �� øÀ�þ� Å³¨ ø ´êÂð ¤�Âì ¶½� ¢¤�õ ¤�õ� ÝÜä ¥� �À� ÝÜä ßþ� ýÀã� ùbÀ¨ üÏß�ä ¤¢ ø ¢�ª üõ ��¹÷� ñ�Þµ�� ´¨À� ý¤�õ� ¸þ�µ÷ ��µ�µ¨� ù¥øÂõ� .Àþ� ´¨À� ¤�õ� ¥� ´Æþ�� üõ ¢�ª Û�Ü½� Àþ�� ñ�Þµ��.´¨�¤�¢ �¤ ¢�¡ «�¡ ù�Úþ�� ��÷ ��Üä ÂÚþ¢ ý�û �¡�ª ¤¢ ñ�Þµ�� ñ��×þ¤¢Âê ñ¤�î �¤ �ó�Æõ ßþ� .´¨� ×þ¢�÷ ´Ö�Ö� �� À� �� �� ý¤�õ� ¸þ�µ÷ é�Â½÷� ø é�µ¡� �î Àþ� üõ Ç�� �ó�Æõ ßþ�ü¨�¨� ��þÂÑ÷ ¤¢ üð¤�� ÇÖ÷ ���Þµ�� .´¨� �µ¡�¢Â� ö� �ÂÏ �� 1801 ¤¢ 5�µÆÆð ���®�þ¤ ��÷ �� Ç��µî ¤¢ §ø�ð.�1563 ¤¢ ¤�Èµ÷� Liber de ludo aleae1
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27 ñ�Þµ�� .3 ÛÊê�Þ�� Í¨�� Ýû¢¥�÷ öÂì ¤¢ �û ��®Âê ßþ� ¤�� ß�µÆ¿÷ À�î üõ ý¥�� üû�ÚÈþ�õ¥� ¸þ�µ÷ ��µ�µ¨� ø üã�±Ï ��Üä ¥� ý¤��Æ�é¥ø� Í¨�� ý¤�õ� ×�÷�Øõ ¤¢ ���Þµ�� ß��»Þû .Àª ù¢Â� ¤�Ø� �û¥�ð üÈ±�� �þÂÑ÷ ¤¢ ö�õ�µó�� ×þø¢ø� ø ñ�Æî�õ í¤�î.Àª �µêÂð ¤�Ø� ´��¤ø ¤¢ ñÀ�õ ø ×þ��ê ¤¢ ß�µÈ�÷� Í¨�� ��÷ ø Àª ù¢Â� ¤�Ø� 6Å±�ðø ý¥�¨ ��±ª �� .´¨� ü÷�Æ÷� ý�û ÝµÆ�¨ ø üã�±Ï ý�û ÝµÆ�¨ ý¥�ÆóÀõ ö� ø ´¨� ý¥�¨ ��±ª ñ�Þµ�� ñ�Þãµ¨� ßþÂµÞúõ.¢�Þ÷ ý¥�¨¥�� �¤ üó�Þµ�� Íþ�Âª ü¡Â� üãì�ø ¤��� ö��� üõ °¨��õ ñÀõ ×þ ¢�¹þ�ñ�Þµ�� 2.3�� üê¢�Ê� Çþ�õ¥� .¢�¢ ��¹÷� �ãì�ø ö� ö¢�À¡¤ ý�Â� ü÷�ð�÷�ð ��Èþ�õ¥� ´Æþ�� üõ �ãì�ø ×þ üÜî ´ó�� �� öÀ�¨¤ ý�Â��¤ ö� ÓÜµ¿õ ���� ö��µ� üóø Àª�±÷É¿Èõ Ýµ� ¤�Î� ö� �b ¹�µ÷ ø ù¢�� é¢�Ê� ×þ Û¬�� �î ¢�ª üõ �µÔð ý¢�Àþø ¤ø Ý���ð üê¢�Ê� Àõ�È�� �¤ ù¢�¨ Àõ�È�� À�� �b ä�Þ¹õ ,�µÔð ù¢�¨ Àõ�È��×þ �¤ ¢�Àþø ¤ ßØÞõ ´ó�� Âû .¢�Þ÷ É¿Èõö�È÷ S �� �¤ Çþ�õ¥� ×þ �b ÷�Þ÷ ý�Ìê .À�þ�ð �÷�Þ÷ ý�Ìê �¤ ¢�Àþø ¤ ö� ý�Â� ßØÞõ ý�ûÀõ�È�� ��Þ� ¥� ÛØÈµõ ý��ä�Þ¹õßØÞõ ´ó�� ßþ� ¤¢ ,Ýþ�þ¤ üõ �¤ §�� ×þ ñ�·õ ý�Â� .Ý��î üõ É¿Èõ A, B, C, · · · ï¤�� éøÂ� �� �¤ �ûÀõ�È�� ø ù¢�¢:Ý�Æþ�÷ üõ ßþ�Â���� ´Æ�÷ ßØÞõ ýÂÚþ¢ ¢�Àþø ¤ üóø ¢�ª Âû�Ò Çª �� ×þ ¢�Àä� ´¨�
S = {1,2,3,4,5,6}:ßþ�Â���� ÝþÂ�ð üõ C �¤ ñø� ¢Àä á�ìø Àõ�È�� ø B �¤ �ø¥ ¢Àä á�ìø Àõ�È�� ,A Â��Â� �¤ 5 ¢Àä á�ìø Àõ�È�� Çþ�õ¥� ßþ� ¤¢

A = {5} , B = {2,4,6} , C = {2,3,5}À�÷�õ Àõ�È�� ×þ á�ìø ñ�Þµ�� .´¨� n(S) = 6 ��� ñ�·õ ¤¢ .Ý�û¢ üõ ö�È÷ n(X) �� �¤ X À�÷�õ �ä�Þ¹õ×þ ý�Ìä� ¢�Àã�.Ý��î üõ ÓþÂã� ß��� �¤ A

p(A) =
n(A)

n(S):´¨� ß��� §�� ßµ¿þ¤ ¤¢ ��� ý�ûÀõ�È�� ñ�Þµ�� ÓþÂã� ßþ� Õ��Îõ
p(A) =

16 , p(B) =
36 , p(C) =

36?´Æ�� ö� öÀõ� ø¤ ñ�Þµ�� �Ø¨ ×þ ���Â� ¤¢ 1.2.3 ñ�·õ
p(A) = n(A)

n(S) = 12 ßþ�Â���� ´¨� A = { ø¤ } öÀõ� ø¤ Àõ�È�� ø S = { ´È� , ø¤ } ¥� ´Æ�¤�±ä �÷�Þ÷ ý�Ìê .Û�?À�Æþ��� �¤ �÷�Þ÷ ý�Ìê ,Ý��î üõ ���Â� ¤�� �¨ �¤ �Ø¨ ×þ 2.2.3 ñ�·õ¥� ¢�� Àû��¡ �¤�±ä �÷�Þ÷ ý�Ìê ,Ý�û¢ ö�È÷ T �� �¤ ´È� ø H �� �¤ ø ¤ Âð� .Û�
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Joseph Willard Gibbs6



28 ñ�Þµ�� .3 ÛÊê�÷�Þ÷ ý�Ìê 1.2.3üê¢�Ê� Çþ�õ¥� Âû ¤¢ .Ý��î üõÉ¿Èõ S �b ÷�Þ÷ ý�Ìê �� �¤ Çþ�õ¥� ×þ ý�Â� ßØÞõ ý�ûÀõ�È�� ��Þ� �bä�Þ¹õ �î Ý�µÔðý�Ìê ßþ� Â� ùø�ä .Àª�� ùÀª ß��ã� ø É¿Èõ �f õ�î Çþ�õ¥� Íþ�Âª Àþ�� ,�÷�Þ÷ ý�Ìê ö¢�� ��ú�� ü� ø ö¢�� É¿Èõ ý�Â�.´¨� üû��µõ �÷�Þ÷ ý�Ìê 2.2.3ñ�·õ ��÷ ø §�� Çþ�õ¥� ¤¢ .Àª�� (ö�þ�� ü�)üû��µõ�÷ �þ (ö�þ�� ��)üû��µõ ´¨� ßØÞõ �÷�Þ÷.À��î É¿Èõ �¤ �÷�Þ÷ ý�Ìê .Àþ��� Í¡ ùÂ¡��� �� Ý��î üõ ���Â� ¤ÀÖ÷� �¤ ý� �Ø¨ 3.2.3 ñ�·õ¥� ¢�� Àû��¡ �¤�±ä �÷�Þ÷ ý�Ìê ,Ý�û¢ ö�È÷ T �� �¤ Í¡ ø H �� �¤ Â�ª Âð� .Û�
S = {T, HT, HHT, HHHT, HHHHT,HHHHHT, · · ·}

.´¨� ß��� §�� ø¢ ¢�Àä� á�Þ¹õ ý�Â� �÷�Þ÷ ý�Ìê ,§�� ø¢ ßµ¿þ¤ ¤¢ 4.2.3 ñ�·õñø� §��1 2 3 4 5 61 2 3 4 5 6 72 3 4 5 6 7 8�ø¢ §�� 3 4 5 6 7 8 94 5 6 7 8 9 105 6 7 8 9 10 116 7 8 9 10 11 12:Ý��î üõ ��Æ� �¤ Âþ¥ ���Þµ�� ö��î� .n(S) = 6× 6 = 36 �î ´¨� É¿Èõ ñøÀ� ¥�.Àª�� 3 Â��Â� §�� ø¢ ýø¤ ¢�Àä� á�Þ¹õ �Ø÷� ñ�Þµ�� (A
p(A) = 236 ßþ�Â���� ´¨� ßØÞõ ´ó�� ø¢ �ú�� �î ´¨� É¿Èõ ñøÀ� ¥� .Û�.Àª�� 4 Â·î�À� §�� ø¢ ¢�Àä� á�Þ¹õ �Ø÷� ñ�Þµ�� (B

p(B) = 636 Å� À�µó�� Çª ßØÞõ ���� �î Ý���� üõ ñøÀ� ¤¢ .Û�.Àª�� ¢Âê §�� ø¢ ýø¤ ¢�Àä� á�Þ¹õ �Ø÷� ñ�Þµ�� (C
p(C) = 1836 ´¨� ¢Âê �ú÷� ¥� üÞ�÷ ùÀª Âû�Ò ¢�Àä� á�Þ¹õ �î Àû¢ üõ ö�È÷ ñøÀ� .Û�.Àª�� �ø¥ ø 6 ¥� ÂµÈ�� §�� ø¢ ýø¤ ¢�Àä� á�Þ¹õ �Ø÷� ñ�Þµ�� (D

p(D) = 936 ßþ�Â���� D = {8,8,8,8,8,10,10,10,12} ¥� À��¤�±ä �ø¥ ø Çª ¥� ÂµÈ�� ¢�Àä� .Û�ñ�Þµ�� Â�ÆÔ� 2.2.3ü�ãþ .¢ø¤ üõ ´þ�ú��� �� n �î üµìø ´¨� ü±Æ÷ ü÷�ø�Âê À� âì�ø ¤¢ ñ�Þµ��
p(A) = lim

n→∞

m

n.´¨� A Àõ�È�� á�ìø ¢�Àã� m ø ¢�À¡¤ á�ìø ���� Ûî n ö� ¤¢ �î



29 ñ�Þµ�� .3 ÛÊêñ�Þµ�� ß�÷��ì 3.2.3×þ á�ìø �� ´±Æ÷ ö��� üõ �fÖÜÎõ �î ü÷���ÞÏ� ö���õ ¥� ´Æ�¤�±ä ø ù¢�� ü®�þ¤ üó�Þµ�� Àª ¶½� ��� ¤¢ �î üó�Þµ��Âþ¥ �ûÀõ�È�� ��Üî ñ�Þµ�� ý�Ìê ×þ ¤¢ .´Ôð Ý�û��¡ ß¿¨ ��÷ ý¤�õ� ñ�Þµ�� ùb¤�� ¤¢ ùÀ�þ� ñ�Êê ¤¢ .´ª�¢ Àõ�È��ÓþÂã� �ú÷� ý�Â� �¤ Û®�Ô� ø í�Âµª� ø á�Þµ�� ö��� üõ ,À÷� �ä�Þ¹õ �ûÀõ�È�� �Ø���¹÷� ¥� .À�µÆû �÷�Þ÷ ý�Ìê �b ä�Þ¹õý�Ìê ¤¢ A, B ý�ûÀõ�È�� ñ�Þµ�� ý�Â� . A′ = S − A ø ù¢�¢ ö�È÷ A′ �� �¤ A À�÷�õ Àõ�È�� ×þ ÛÞØõ ßþ� Â� ùø�ä .¢�Þ÷:À÷¤�ÂìÂ� Âþ¥ ß�÷��ì S �÷�Þ÷
φ ⊆ A ⊆ S :Ýþ¤�¢ A Àõ�È�� Âû ý�Â� (�0 ≤ p(A) ≤ 1´¨� ×þ Â·î�À� ø üÔ�õ�÷ Àõ�È�� ×þ ñ�Þµ�� (�

P (A) = 1 ,´¨� ×þ ö� ñ�Þµ�� ø ù¢�¢  ¤ �fÞµ� �î ´¨� ýÀõ�È�� üÞµ� Àõ�È�� (�
P (A) = 0 ,´¨� ÂÔ¬ Çó�Þµ�� ø ñ�½õ ö� á�ìø �î ´¨� ýÀõ�È�� ßØÞõÂ�è Àõ�È�� (¢Ý���ð B Àõ�È�� Âþ¥ �¤ A ´ó�� ßþ� ¤¢ A ⊆ B ⇒ p(A) ≤ p(B) Ýþ¤�¢ B ø A Àõ�È�� ø¢ ý�Â� (ûüÜî ´ó�� ¤¢ ø A ∪ B ü�ãþ Àû¢  ¤ �ú÷� ¥� üØþ Âð� ø A ∩ B Ý�Æþ�÷ üõ À�û¢  ¤ Ýû �� �ú÷� Âð� B ø A Àõ�È�� ø¢ ý�Â� (ø

p(A ∪ B) = p(A) + p(B) − p(A ∩ B) Ýþ¤�¢.p(A′) = 1− p(A) �î ´êÂð �¹�µ÷ üµ��Â� ö��� üõ A Àõ�È�� ÛÞØõ ý�Â� (¥.À�û¢ Ý�Þã� C ø B ø A Àõ�È�� �¨ ý�Â� �¤ ��� (ø) ö�÷�ì .ü¨�î 1.2.3ßþÂÞ�Ýþ¤ø� üõ öøÂ�� �¤�î ×þ ùÀª �µª�÷ �ú÷� ýø¤ 50 �� 1 ¢�Àä� �î �¤�î 50 ß�� ¥� 5.2.3 ñ�·õ
P (A) = 2550 Àª�� ¢Âê ùÀª �¤�¡ �¤�î ¢Àä �Ø÷� ñ�Þµ�� (Óó�

P (B) = 1650 Àª�� ÂþÁ� Ç¿� 3 Â� ùÀõ� ´¨À� ¢Àä �Ø÷� ñ�Þµ�� (�
P (B′) = 1− P (B) = 1− 1650 = 3450 Àª�±÷ ÂþÁ� Ç¿� 3 Â� ùÀõ� ´¨À� ¢Àä �Ø÷� ñ�Þµ�� (�

P (C) = 1550 Àª�� ¢Âê ø 20 Ûì�À� ùÀª �¤�¡ �¤�î ¢Àä �Ø÷� ñ�Þµ�� (¢
P (D) = 5050 = 1 ø ù¢�� üÞµ� ñ�Þµ�� ,Àª�� ÂÔ¬ Ûì�À� �¤�î ¢Àä �Ø÷� ñ�Þµ�� (ûÂ·î�À� ¢�Àä� �bä�Þ¹õ E À��î­Âê ´ó�� ßþ� ¤¢ .Àª�� ÂþÁ� Ç¿� 4 Â� �þ 20 Â·î�À� ùÀõ� ´¨À� ¢Àä �Ø÷� ñ�Þµ�� (ø:Ýþ¤�¢ (ø) ´ÞÆì ñ�Þµ�� ß�÷��ì ¥� .À÷ÂþÁ� Ç¿� 4 Â� �î ý¢�Àä� F ø 20

p(E ∪ F ) = p(E) + p(F ) − p(E ∩ F ) =
2050 +

1250 − 550 =
2750Âû (A) �Ø�þ� ñ�Þµ�� Ý��î üõ ��¿µ÷� �¤�î 3 ,À�µÆû �±¨ �¤�î 5 ø �õÂì ö� �¤�î 15 �î �¤�î 20 ß�� ¥� 6.2.3 ñ�·õ.Àª�� �±¨ �¤�î 2 Ûì�À� (C) .Àª�� �±¨ �¤�î ×þ ø �õÂì �¤�î ø¢ (B) .À�ª�� Ù÷¤ ×þ ¥� �¤�î �¨:Ýþ¤�¢ ø ù¢�� n(S) = C203 ´ó�� ßþ� ¤¢ �÷�Þ÷ ý�Ìê .Û�

p(A) =
C153 + C53

C203 , p(B) =
C152 × C51

C203 , p(C) =
C52 × C151 + C53 × C150

C203



30 ñ�Þµ�� .3 ÛÊê.Ý��î üõ ��¿µ÷� é¢�Ê� �� ùÂúõ 4 ,ü�� ùbÂúõ 5 ø �õÂì ùbÂúõ 2 ,À�Ô¨ ùbÂúõ 4 ýø�� ý� �Æ�î ¥� .ü¨�î 2.2.3ßþÂÞ��Ø÷� ñ�Þµ��.À�ª�� Ù÷ÂÞû ùÂúõ ¤�ú� Âû (Óó�.Àª�� ü�� ùÂúõ 2 �Ö�ì¢ (�.À�ª�� Ù÷¤ ×þ ¥� ��ÀîÂû ùÂúõ 4 (�.Àª�� �õÂì ùÂúõ ×þ Â·î�À� (¢öøÂ��°��Âµ� ùÂúõ ø¢ �Æ�î ßþ� ¥� .´¨� �±¨ ùbÂúõ 4 ø ü�� ùbÂúõ 3 ýø�� ý� �Æ�î 7.2.3 ñ�·õ?´¨� ¤ÀÖ� À�ª�±÷ Ù÷ÂÞû ùÂúõ ø¢ �Ø�þ� ñ�Þµ�� Ýþ¤ø� üõ¤¢ ø ü�� ùÂúõ ñø� ´ª�¢Â� ¤¢ �þ �fÞÜÆõ .´¨� Û��Öõ �¤�Ê� ´ª�¢Â� ø¢ ßþ� üµ¡¤¢ ¤�¢�Þ÷ .Û�.¢�� Àû��¡ 2442 ���� ø 37 × 46 + 47 × 36 Å� ´¨� ü�� �ø¢ ´ª�¢Â� ¤¢ ø �±¨ ùÂúõ ñø� ´ª�¢Â� ¤¢ �þ ø ´¨� �±¨ �ø¢ ´ª�¢Â�üõ ø À�µÆû ¤�ð¥�¨�÷ B ø A Àõ�È�� ø¢ Ý���ð Àª�� ßØÞõÂ�è Ýû �� ø¢ Âû B ø A À�÷�õ Àõ�È�� ø¢ á�ìø Âð� 1.2.3°ÜÎõ.À÷¤�ð¥�¨�÷ (ø) ø (¢) 5.2.3ñ�·õ ¤¢ .p(A ∩ B) = p(A) × p(B) Âð� Ý���ð ÛÖµÆõ �¤ B ø A Àõ�È�� ø¢ .A ∩ B = φ Ý�Æþ�÷ö¢¥ ñ�Þµ�� À��î ×�Üª Ýû �� ø¢ ßþ� Âð� .À�÷�� �¤ üêÀû 25 ø 13 ñ�Þµ�� �� °��Âµ� À÷¤¢�ì B ø A ¥�À÷�Â�� ø¢ 8.2.3 ñ�·õ?´¨� ¤ÀÖ� éÀû���Þµ�� ß�÷��ì Õ±Ï ø p(A ∩ B) = p(A)p(B) = 215 ñ�Öµ¨� ÓþÂã� Õ±Ï .Û�
p(A ∪ B) =

13 +
25 − 215 =

35 .ñ��õ 3.2.3ßþÂÞ�¢�Àä� Û®�Ô� �Ø÷� ñ�Þµ�� (A) .Àþ¤ø� ´¨À� �¤ Âþ¥ ���Þµ�� (Óó�) ,§�� ø¢ ¢�Àä� Û®�Ô� ý�Â� ,§�� ø¢ ßµ¿þ¤ ¤¢ (1¢�Àä� Û®�Ô� �Ø�þ� ñ�Þµ�� (C) .Àª�� ÂÔ¬ Â·î�À� §�� ø¢ ¢�Àä� Û®�Ô� �Ø÷� ñ�Þµ�� (B) .Àª�� 2 Â��Â� §�� ø¢ ýø¤ø B ý�ûÀõ�È�� �þ� (�) .Àª�� �ø¥ �þ -1 ¥� ÂµÈ�� §�� ø¢ ýø¤ ¢�Àä� Û®�Ô� �Ø÷� ñ�Þµ�� (D) .Àª�� ¢Âê §�� ø¢?À÷¤�ð¥�¨ D ø C ý�ûÀõ�È�� �þ� (�) ?À�ÜÖµÆõ Cø¢ ßþ� (A) �Ø�þ� ñ�Þµ�� .Ý��î üõ ��¿µ÷� �¤�î 2 ,À�µÆû ö� �±¨ �¤�î 6 ø �õÂì ö� �¤�î 4 �î �¤�î 10 ß�� ¥� (2�ú�¤�î ¥� üØþ (D) À�ª�±÷Ù÷ÂÞû �¤�î ø¢ (C) Àª�� �±¨ ýÂÚþ¢ ø �õÂì �ú�¤�î ¥� üØþ (B) À�ª�� Ù÷¤ ×þ ¥� �¤�î.Àª�±÷ �õÂì(A) �Ø�þ� ñ�Þµ�� .Ýþ¤ø� üõ öøÂ�� ��� 3 ,À�µÆû À�Ô¨ �� 4 ø �õÂì �ú÷� ý�� 5 ,ü�� �ú÷� ý�� 3 �î ��� 12 ß�� ¥� (3.Àª�� ü�� �ú��� ¥� üØþ Ûì�À� (D) À�ª�� �õÂì �û ��� ¥� ��ø¢ (C) À�ª�±÷ Ù÷ÂÞû ��� �¨ (B) À�ª�� Ù÷ÂÞû ��� �¨



31 ñ�Þµ�� .3 ÛÊê:�Ø�þ� ñ�Þµ�� Ý��î üõ �¤�¡ é¢�Ê� �� ùÂúõ �¨ .¢¤�¢ ¢��ø �±¨ ùÂúõ 2 ø �õÂì ùÂúõ 5 ø À�Ô¨ ùÂúõ 8 ý� �±ã� ¤¢ (4.À�ª�� À�Ô¨ ùÂúõ �¨ (Óó�.À�ª�� �±¨ ùÂúõ ø¢ ø À�Ô¨ ùÂúõ ×þ (�.À�ª�±÷ Ù÷ÂÞû ��ÀØ»�û (�.À�ª�� Ù÷ÂÞû ùÂúõ ø¢ �fÖ�ì¢ (¢ø �µª�÷ Çþ�õ¥� ßþ� ý�Â� �¤ �÷�Þ÷ ý�Ìê .Àþ��� Í¡ ùÂ¡��� �� Ýþ¥�À÷� üõ ¤ÀÖ÷� �¤ �Ø¨ ,üê¢�Ê� Çþ�õ¥� ×þ ¤¢ (5�Ø�þ� Àõ�È�� (� .Àþ��� Â�ª ×þ �fÖ�ì¢ �Ø�þ� Àõ�È�� (� .Àþ��� Â�ª �¨ �Ø�þ� Àõ�È�� (Óó� .À�Æþ��� �¤ Âþ¥ ý�ûÀõ�È��.Àþ��� Â�ª 5 Ûì�À�(� .Àþ��� Â�ª ¤�±Øþ ø Í¡ ¤�� ø¢ (� .Àþ��� Â�ª ¤�� ø¢ �Ö�ì¢ (Óó� �Ø�þ� ñ�Þµ�� .Ý��î üõ ���Â� ¤�� �¨ �¤ ý� �Ø¨ (6.Àþ��� Â�ª �ø¢ ���Â� ¤¢ (¢ .Àþ��� Â�ª ¤�� ×þ Ûì�À�?´¨� ¤ÀÖ� Àª�� R3 ùÂþ�¢ �îÂõ �� �ÎÖ÷ ßþ� �b Ü¬�ê �Ø�þ� ñ�Þµ�� .Ý��î üõ ��¿µ÷� ý� �ÎÖ÷ R á�ãª �� ý� ùÂþ�¢ öø¤¢ (7?´¨� ¤ÀÖ� ÂÆ� �¨ ßµª�¢ ñ�Þµ�� ýÀ÷¥Âê 5 ùb¢��÷�¡ ¤¢ .´¨� 12 ý�ù¢��÷�¡ ¤¢ Âµ¡¢ ø ÂÆ� Àó�� ñ�Þµ�� (8üÏÂª ñ�Þµ�� 3.3
p(A) > 0 ö� ñ�Þµ�� ø ù¢�¢  ¤ A Àõ�È�� À��î ­Âê .´¨� üÜ±ì ýÀõ�È�� �� �µÆ��ø Àõ�È�� ×þ ö¢�À¡¤ ¢¤��õ ü¡Â� ¤¢
A Àõ�È�� ñ�Þµ�� �� üÚµÆ� B Àõ�È�� ñ�Þµ�� ´ó�� ßþ� ¤¢ .Àµê��� ë�Ô�� A ¥� Àã� Àû��¿� B À�÷�õ üõø¢ Àõ�È�� Å³¨ .Àª��:¢�ª üõ ÓþÂã� ß��� ø �µª�¢

p(B|A) =
p(A ∩ B)

p(A)
, p(B|A) =

n(A ∩ B)

n(A)

p(B|A) = p(B|A) ü�ãþ Ýþ� ù¢Âî A �bä�Þ¹õ �� ¢øÀ½õ �¤ �÷�Þ÷ ý�Ìê âì�ø ¤¢Âð� ´¨� A ¥� ÛÖµÆõ B Àõ�È�� �î ´¨� ÝÜÆõ .(À���±� �¤ Û��Öõ öø ¤�¢�Þ÷).´¨� ¼�½¬ 1.2.3°ÜÎõ ¤¢ �ûÀõ�È�� ñ�Öµ¨� ÓþÂã� ßþ�Â���� p(B|A) = p(B)?´Æ�� Àª�� ÂþÁ� Ç¿� 5 Â� �Ø÷� ñ�Þµ�� ,´¨� ¢Âê ùÀª �¤�¡ �¤�î ùb¤�Þª �î Ý�÷�À� Âð� 5.2.3ñ�·õ ¤¢ 1.3.3 ñ�·õ
p(B|A) = n(A∩B)

n(A) = 525 Å� ¢�ª üõ ¢Âê ¢�Àä� �� ¢øÀ½õ �÷�Þ÷ ý�Ìê ´ó�� ßþ� ¤¢ .Û�ùbÂúõ Ý�÷�À� Âð� .Ý��î üõ �¤�¡ é¢�Ê� �� ø °��Â� �� ùÂúõ 2 ,ü�� ùbÂúõ 2 ø �±¨ ùbÂúõ 3 ýø�� ý� �Æ�î ¥� 2.3.3 ñ�·õ?´Æ�� Àª�� �±¨ �ø¢ ùbÂúõ �Ø�þ� ñ�Þµ�� ù¢�� ü�� ñø�:Ýþ¤�¢ .Ý��î ­Âê B �¤ �ø¢ ùbÂúõ ö¢�� �±¨ Àõ�È�� ø A �¤ ñø� ùbÂúõ ö¢�� ü�� Àõ�È�� Âð� .Û�
p(A) =

25 , p(A ∩ B) =
25 × 34 , p(B|A) =

62025 =
34



32 ñ�Þµ�� .3 ÛÊê
:´ª�÷ ö��� üõ B ø A ö¢Âî �¹��� �� ø üÏÂª ñ�Þµ�� ñ�õÂê ¥� ù¢�Ôµ¨� �� 1.3.3°ÜÎõ

p(A ∩ B) = p(A)p(B|A) = p(B)p(A|B) �î Àû¢ üõ �¹�µ÷ ßþ� ø
p(B) =

p(A)p(B|A)

p(A|B)
(∗∗) , p(A|B) =

p(A)p(B|A)

p(B)
(∗)ö���ä �¤ ���Þµ�� ¥� üÞúõ ¶��±õ ¢�¢ ¤�Èµ÷� 1763 ¤¢ �î ý� �ó�Öõ ¤¢ (1702-1761)7��� §�õ�� üÆ�ÜÚ÷� ö�À�®�þ¤.¢Â�ð üõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ¤��Æ� ,À�õ�÷ Ýû �úµÜä ñ�Þµ�� �b �Ìì �Â÷� ø ´¨� üÏÂª ñ�Þµ�� ö�÷�ì ¥� üÞ�Þã� �î ùÀä�ì ßþ� .¢�Þ÷

S ¤¢ (Ai ∩ Aj = φ) ��¹õ øÀ�ø¢ ü��ûÀõ�È�� A1, A2, · · · , An ø �÷�Þ÷ ý�Ìê ×þ S À��î­Âê (���) 1.3.3ÓþÂã�:¢�� Àû��¡ Âþ¥ �¤�Ê� ´ó�� ßþ� ¤¢ B Àõ�È�� ñ�Þµ�� .À�ª�� B À�÷�õ ýÂÚþ¢ Àõ�È�� ´Üä ø ù¢��
p(B) = p(B|A1)p(A1) + p(B|A2)p(A2) + · · · + p(B|An)p(An) =⇒ p(B) =

n
∑

i=1 p(B|Ai)p(Ai)��� (∗) ñ�õÂê �� ø
p(Ai|B) =

p(B|Ai)p(Ai)
∑n

i=1 p(B|Ai)p(Ai)ùÂúõ ø¢ ø À�Ô¨ ùÂúõ ×þ ýø�� �ø¢ éÂÒ ø �õÂì ùÂúõ 3 ø À�Ô¨ ùÂúõ ø¢ ý�µ½õ ñø� éÂÒ Ýþ¤�¢ éÂÒ �¨ 3.3.3 ñ�·õñ�Þµ�� (Óó�) .Ý��î üõ ��¿µ÷� é¢�Ê� �� éÂÒ ¥� ùÂúõ ×þ .´¨� À�Ô¨ ùÂúõ ø¢ ø �õÂì ùÂúõ ×þ ýø�� ��¨ éÂÒ ø �õÂì?´¨� ¤ÀÖ� Àª�� ùÀõ� öøÂ�� �ø¢ éÂÒ ¥� �Ø�þ� ñ�Þµ�� Àª�� À�Ô¨ ùÂúõ Âð� (�) ?´¨� ¤ÀÖ� Àª�� À�Ô¨ ùÂúõ �Ø�þ���� ùÀä�ì Õ±Ï (Óó�) .Ý�û¢ üõ ö�È÷ B �� �¤ À�Ô¨ ùbÂúõ .À�ª�� A3 ø A2 ø A1 °��Âµ� �úêÂÒ À��î ­Âê .Û�
p(B) = p(B|A1)p(A1) + p(B|A2)p(A2) + p(B|A3)p(A3) =

25 × 13 +
13 × 13 +

23 × 13 =
715:Ý��î üõ ù¢�Ôµ¨� (∗) ñ�õÂê ¥� (�) ´ÞÆì ý�Â� ø

p(A2|B) =
p(A2)p(B|A2)

p(B)
=

13 × 13715 =
521ø ¥ø¤ ¤¢ �½Ô¬ 300 ¤�ÀÖõ A ´Æ�³þ� � À��î üõ ¤�î ´Æ�³þ� � ø¢ ýÂ���³õ�î ´îÂª ×þ ¤¢ .ü¨�î 1.3.3ßþÂÞ�À¬¤¢ 6 Â��Â� B ´Æ�³þ�� ý�Î¡ À¬¤¢ 5 Â��Â� A ´Æ�³þ�� ý�Î¡ .À��î üõ ²þ�� ¥ø ¤ ¤¢ �½Ô¬ 200 ¤�ÀÖõ B ´Æ�³þ��?´¨� ¤ÀÖ� À��î ²þ�� ù�±µª� �½Ô¬×þ �Ø÷� ñ�Þµ�� Ý�ûÀ� ²þ�� ý�Â� �½Ô¬ 500 �ú÷� �� ¥ø ¤ ¤¢ Âð� .´¨�

Bayes, Thomas7



33 ñ�Þµ�� .3 ÛÊê.ñ��õ 2.3.3ßþÂÞ�:À��î ´��� S �÷�Þ÷ ý�Ìê ¤¢ B ø A Àõ�È�� ø¢ ý�Â� (1
(a) p(A − B) = p(A) − p(A ∩ B) , (b) p(A ∪ B) ≤ p(A) + p(B)

Ý�ª�� �µª�¢ B ø A Àõ�È�� ø¢ ý�Â� Âð� S ñ�Þµ�� ý�Ìê ¤¢ (2
p(A′) =

58 , p(B) =
12 , p(A ∪ B) =

34 Âþ¢�Öõ �b ±¨�½õ ´Æ��ÜÎõ
(a) p(A′ ∩ B′) , (b) p(A ∩ B) , (c) p(A′ ∪ B′) , (d) p(B ∩ A′)

?´Æ�� Àª�� ÂµÈ�� 4 ¥� ùÀõ� ´¨À� ¢�Àä� á�Þ¹õ �Ø÷� ñ�Þµ�� Ý��î üõ ���Â� �¤ §��ø¢ (3Â��Â� �¨ C ¢Â� ñ�Þµ�� ø B ¢Â� ñ�Þµ�� Â��Â� ¤�ú� A ¢Â� ñ�Þµ�� �î ¢�ª üõ ß��� ¸þ�µ÷ ýÂÔ÷ �¨ �b Ö��Æõ ×þ ß�� ¤¢ (4?´¨� ¤ÀÖ� C �þ A ¢Â� ñ�Þµ�� (�) .À����� �¤ ¢Âê Âû ¢Â� ñ�Þµ�� (�) .´¨� B ¢Â� ñ�Þµ��×þ �Ø÷� ñ�Þµ�� ,ø¢ Âû À¬¤¢ 10 ø Â��� �ú÷� À¬¤¢ 30 ø À�û¢ üõ ©¤�Ô¨ ´¨�õ ù�ÚªøÂê ×þ ö�þÂµÈõ À¬¤¢ 40 (5?´Æ�� Àû¢ ©¤�Ô¨ �¤ �ú÷� ¥� ×þ Ûì�À� ýÂµÈõÛî ¤¢ A ü»�ÔÜ� .À��î üõ Û¬ø �û ë��� �� �¤ ´îÂª ×þ ý�ú�ÔÜ� À¬¤¢ 65 ø À¬¤¢ 35 °��Âµ� B ø A ü»�ÔÜ� ø¢ (6¢�ª Û¬ø ù�±µª� ¥ø ¤ ñ�Ï ¤¢ ßÔÜ� ×þ �Ø�þ� ñ�Þµ�� .¢¤�¢ ù�±µª� À¬¤¢ 5 ¥ø¤ Ûî ¤¢ B ü»�ÔÜ� ø ù�±µª� À¬¤¢ 3 ¥ø¤?´¨� ¤ÀÖ� Àª�� B ü»�ÔÜ� ¥� �Ø�þ� ñ�Þµ�� ùÀª Û¬ø ù�±µª� ü�ÔÜ� ?´¨� ¤ÀÖ�ùbÂúõ �ú÷� Ù÷¤ �� ���� öøÀ� Ýþ¤ø� üõ öøÂ�� °��Âµ� ùÂúõ ø¢ .´¨� ù��¨ ùbÂúõ 8 ø À�Ô¨ ùbÂúõ 12 Ûõ�ª ý� �Æ�î (7?´¨� ¤ÀÖ� Àª�� À�Ô¨ ��¨ ùbÂúõ �Ø÷� ñ�Þµ�� .Ýþ¤ø� üõ öøÂ�� üõ�¨?´Æ�� Àª�� ´ÞÆì Û��ì 5 �þ 4 Â� ¢Àä ßþ� �Ø÷� ñ�Þµ�� Ý��î üõ ��¿µ÷� ¢Àä ×þ 999 �� 1 ¢�Àä� ß�� ¥� (8À¬¤¢ 5 ø ÂÆ� ö�þ�¹È÷�¢ À¬¤¢ 10 .À�û¢ üõ Û�ØÈ� �¤ À¬¤¢ 55 ÂÆ� ø À¬¤¢ 45 Âµ¡¢ ö�þ�¹È÷�¢ ù�ÚÈ÷�¢ ×þ ¤¢ (9.´¨� �µêÂð ¤�õ� §¤¢ Ý���� üõ ø Ý��î üõ ��¿µ÷� é¢�Ê� �� �¤ ü��¹È÷�¢ .À÷��µêÂð �¤ ¤�õ� §¤¢ Âµ¡¢ ö�þ�¹È÷�¢?´¨� ¤ÀÖ� Àª�� ÂÆ� �¹È÷�¢ ßþ� �Ø�þ� ñ�Þµ��?´¨� ¤ÀÖ� Àª�� Âµ¡¢ Â¡� ø ñø� À÷¥Âê �Ø�þ� ñ�Þµ�� ýÀ÷¥Âê �¨ ùb¢��÷�¡ ×þ ¤¢ (10



4 ÛÊê
üê¢�Ê� ý�ûÂ�çµõ

Óþ¤�ã� 1.4ý�ûÂµõ�¤�� ø ù¢Âî Û�Ü½� ø ü¨¤Â� �f õ�î �¤ �÷�Þ÷ ñø� ÛÊê üÏ ø Ýþ¢�Þ÷ ö��� �¤ �ãõ�� ø �÷�Þ÷ �ø�Ô� 4.1.1 Ç¿� ¤¢üõ âõ��� �� �û �÷�Þ÷ ö¢Âî ×þ¢�÷ ý�Â� ,¢¥ °þÂÖ� âõ��� �� ´Æþ�� üõ �¤ �û �÷�Þ÷ �î �¹÷� ¥� .ÝþÀ�¹�¨ ö� ýø¤ �¤ üÔÜµ¿õø ù¢Âî ü¨¤Â� �¤ �úóÀõ ßþ� ,�õ�¢� ¤¢ .Ý���Þ÷ ù¢��� �÷�Þ÷ ýø¤ �¤ �ãõ�� ÓÜµ¿õ ý�úóÀõ ø ù¢�Þ÷ Û�Ü½� ��÷ �¤ �ãõ�� ´Æþ���ãõ�� �÷�Þ÷ Âµõ�¤��
N n ¢�Àã�
µ x̄ ß�Ú÷��õ
σ2x S2

x Å÷�þ¤�ø
σx Sx ¤��ãõ é�Â½÷� .ÝþÂ�ð üõ ÂÑ÷ ¤¢ �ãõ�� ý�Â� �¤ Âþ¥ ý�ûÂµõ�¤�� ,�÷�Þ÷ ý�ûÂµõ�¤�� �� Õ��Îõñ�Þµ�� ý�Ìê 1.1.4ùÀ�õ�÷ üê¢�Ê� Â�çµõ �Â÷� ¢Â�Ú� ¤�Âì À÷��� üõ S ¤¢ Àõ�È�� Âû ý�¹� X ö�� ,Àª�� S ¤¢ ù��¿ó¢ üê¢�Ê� Àõ�È�� ×þ X Âð�¢øÀ½õ ´¨� ßØÞõ ñ�Þµ�� ý�Ìê .À�û¢ üõ ñ�Þµ�� ý�Ìê �þ Àõ�È�� ý�Ìê ×þ Û�ØÈ� X �� Í±�Âõ ý�ûÀõ�È�� �b �Üî øùÀ�õ�÷ �µÆÆð �b ÷�Þ÷ ý�Ìê �î �÷�Þ÷ ý�Ìê ñÀõ ßþ� ,Àª�� S = {X1, X2, X3, · · ·} ¢øÀ½õ�÷ �þ S = {X1, X2, X3, · · · , Xn}:Ý�û¢ üõ ö�È÷ Âþ¥ ñøÀ� �� �¤ ,¢�ª üõ

X X1 X2 · · · Xn

P (X) p(X1) p(X2) · · · p(Xn):´¨� ß��� �µÆÆð ñ�Þµ�� ý�Ìê ��Ê¿Èõ .´¨� Xi ´�Þî ñ�Þµ�� p(Xi) �î.p(Xi) ≥ 0 Ýþ¤�¢ Xi Âû Ǒ�¥�� (Óó�.∑Xi∈X p(Xi) = 1 ù¤��Þû (�ñ�Þµ�� ý�Ìê ×þ Û�ØÈ� ø ù¢�� Âþ¥ �¤�Ê� ßØÞõ ý�ûÀõ�È�� �b �Üî ü�ãþ S �b ÷�Þ÷ ý�Ìê §�� ×þ ßµ¿þ¤ ¤¢ 1.1.4 ñ�·õ:À�û¢ üõ
X 1 2 3 4 5 6

P (X) 16 16 16 16 16 16 ⇒ p(Xi) ≥ 0 ,
∑

Xi∈X p(Xi) = 16 + 16 + 16 + 16 + 16 + 16 = 1:´¨� ß��� �Ø¨ ×þ ���Â� ¤¢ ñ�Þµ�� ý�Ìê ø
X H T

p(X) 12 12 34



35 üê¢�Ê� ý�ûÂ�çµõ .4 ÛÊê:Ý�Æþ�÷ üõ ß��� �Â÷� Àõ�È�� ý�Ìê .�Àþ¢ §�� ø¢ ýø¤ ¢�Àä� á�Þ¹õ ý�Â� �¤ �÷�Þ÷ ý�Ìê 4.2.3 ñ�·õ ¤¢ 2.1.4 ñ�·õ
X 2 3 4 5 6 7 8 9 10 11 12

p(X) 136 236 336 436 536 636 536 436 336 236 136:Ý��î üõ ÓþÂã� ß��� �¤ âþ¥�� â��� �þ ñ�Þµ�� â���
f(xi) = P (X = xi)ë�ê ñ�·õ ¤¢ .∑xi∈X f(xi) = 1 ùø�ã� ø f(xi) ≥ 0 Ýþ¤�¢ xi Âû Ǒ�¥�� ü�ãþ ¢¤�¢ �¤ �µÆÆð âþ¥�� ý�ú�ðÄþø ö�Þû ßþ�Â����.f(4) = P (X = 4) = 336 �� ´¨� Â��Â� 4 ¢Àä öÀõ� ñ�Þµ��ü®�þ¤ À�õ� 2.1.4:Ý��î üõ ÓþÂã� Âþ¥ �¤�Ê� f(x) �b µÆÆð âþ¥�� ý�Â� �¤ g(x) À�÷�õ ù��¿ó¢ üã��� E ü®�þ¤ À�õ�
E(g) =

∑

X

g(x)f(x):ÝÆþ�÷ üõ ,Ý�û¢ ¤�Âì 2X + 3 �þ ø X2 �þ ø X â���� g ý�¹� Âð� ñ�·õ ý�Â�
E(X) =

n
∑

i=1 xif(xi) , E(X2) =

n
∑

i=1 x2i f(xi) , E(X) =

n
∑

i=1(2xi + 3)f(xi).Àû¢ üõ ´¨À� âþ¥�� ý�Â� �¤ ¤��ãõ é�Â½÷� ø ß�Ú÷��õ �î σ(X) = E(X2)−E2(X) ø µ(x) = E(X) Ý��î üõ ÓþÂã� ñ��:Ýþ¤�¢ 1.1.4 ñ�·õ ý�Â�
µ = E(X) =

n
∑

i=1 xif(xi) = 1× 16 + 2× 16 + 3× 16 + 4× 16 + 5× 16 + 6× 16 = 3/5
E(X2) =

n
∑

i=1 x2i f(xi) = 12 × 16 + 22 × 16 + 32 × 16 + 42 × 16 + 52 × 16 + 62 × 16 = 15/16.σ(X) = E(X2) − E2(X) = 2/91 �� ´¨� Â��Â� Å÷�þ¤�ø ø.À����� �¤ ¤��ãõ é�Â½÷� ø ß�Ú÷��õ ¤�ÀÖõ 2.1.4 ñ�·õ ý�Â� 3.1.4 ñ�·õ
µ = E(X) =

n
∑

i=1 xif(xi) = 2 136+3 236+4 336+5 436+6 536+7 636+8 536+9 436+10 336+11 236+12 136 = 7
E(X2) =

n
∑

i=1 x2i f(xi) = 22 136 +32 236+ · · ·+112 236+122 136 = 54/83 =⇒ σx = E(X2)−E2(X) = 5/83ý�Ìê .Ýþ¥�À÷�üõ ¤�� �¨ �¤ �Ø¨ ßþ� .´¨� 13 ö� öÀõ� Â�ª ñ�Þµ�� �î ùÀª �µ¡�¨ ö��� �Ø¨ .ü¨�î 1.1.4ßþÂÞ�.À����� �¤ ¤��ãõ é�Â½÷� ø ß�Ú÷��õ ¤�ÀÖõ .À�Æþ��� �Â÷� ü®�þ¤ À�õ� ø �µê�þ �Â÷� öÀõ� Â�ª ñ�Þµ��



36 üê¢�Ê� ý�ûÂ�çµõ .4 ÛÊêÂ�çµõ X Âð� .Ý��î üõ �À� ²õ� ø¢ �û ²õ� ßþ� ¥� .À�µÆû ���ãõ �ú÷� ý��ø¢ �î Ýþ¤�¢ ¤��µ¡� ¤¢ ²õ� 5 4.1.4 ñ�·õ.À���Þ÷ ß��ã� �¤ P (−3 < X ≤ 0) ø P (X < 2) Âþ¢�Öõ �û Àõ�È�� ñøÀ� Ý¨¤ �� ,Àª�� �ú³õ� ö¢�� ���ãõ:�î À�î üõ É¿Èõ ÂÚþ¢ ý�úªø¤ �þ üµ¡¤¢ ¤�¢�Þ÷ Õ±Ï �û ²õ� ßµª�¢Â� ø �÷�Þ÷ ý�Ìê .Û�
X 0 1 2

p(X) 110 610 310
P (X < 2) = P (X = 0) + P (X = 1) =

710 , P (−3 < X ≤ 0) = P (X = 0) =
110�µ¨��� âþ¥�� â��� 3.1.4.À�µÆû Âþ¥ �¤�Ê� ��� ñ�·õ f̂(x) �µ¨��� âþ¥�� â��� ø F (x) üãÞ¹� âþ¥�� â��� ,f(x) (ñ�Þµ�� üó�Ú� â��� �þ) âþ¥�� â���

f(x) =







110 , x = 0,610 , x = 1,310 , x = 2.

=⇒ F (x) =







110 , x = 0,710 , x = 1,1 , x = 2.

=⇒ f̂(x) =















0 , x < 0,610 , 0 ≤ x < 1,310 , 1 ≤ x < 2,310 , x ≥ 2.:´¨� Âþ¥ �¤�Ê� −∞ < x < +∞ �î üµìø F (x) üãÞ¹� âþ¥�� â��� ø f̂(x) �µ¨��� âþ¥�� â��� ý�ú�ðÄþø 1.1.4°ÜÎõ.0 ≤ f̂(xi) ≤ 1 Ýþ¤�¢ xi Âû Ǒ�¥�� (Óó�.∫xi∈X f̂(xi) = 1 ù¤��Þû (�.0 ≤ F (x) ≤ 1 Ýþ¤�¢ (�
x1 < x2 ⇒ F (x1) ≤ F (x2) :´¨� ý¢�ã¬ ù¤��Þû üãÞ¹� âþ¥�� â��� (¢

F (−∞) = 0 ø F (+∞) = 1 ø ´¨� �µ¨��� �È�Þû ´¨�¤ ¥� F (�û:Ý��î üõ ÓþÂã� (ø
P (a < X ≤ b) = F (b) − F (a) =

∫ b

a

f̂(x)dx :Ýþ¤�¢ �¤ Âþ¥ ���Þµ�� ùø�ã�
P (a < X < b) = F (b−) − F (a)

P (a ≤ X ≤ b) = F (b) − F (a−)

P (a ≤ X < b) = F (b−) − F (a−)

P (X < b) = F (b−)

P (X > a) = 1− F (a)



37 üê¢�Ê� ý�ûÂ�çµõ .4 ÛÊê?´¨� �±¨ ùbÂúõ ñ�Þµ�� �î X âþ¥�� â��� ´Æ��ÜÎõ 7.2.3 ñ�·õ ¤¢ 5.1.4 ñ�·õ:�î À�î üõ É¿Èõ ÂÚþ¢ ý�úªø¤ �þ üµ¡¤¢ ¤�¢�Þ÷ Õ±Ï ü�� ùÂúõ ßµª�¢Â� ø 7.2.3ñ�·õ ¤¢ �Ø÷��»÷� �÷�Þ÷ ý�Ìê .Û�
X 0 1 2

p(X) 17 47 27 .À�µÆû Âþ¥ �¤�Ê� �µ¨��� âþ¥�� â��� ø üãÞ¹� âþ¥�� â��� ,âþ¥�� â���
f(x) =







17 , x = 0,47 , x = 1,27 , x = 2.

=⇒ F (x) =







17 , x = 0,57 , x = 1,1 , x = 2.

=⇒ f̂(x) =















0 , x < 0,17 , 0 ≤ x < 1,47 , 1 ≤ x < 2,27 , x ≥ 2.¤�ÀÖõ ´Æ��ÜÎõ ,´¨� f(x) =

{ 14√x
1 ≤ x ≤ 9,0 Others.

Â��Â� üê¢�Ê� ýÂ�çµõ ñ�Þµ�� üó�Ú� â��� 6.1.4 ñ�·õ
P (
94 ≤ X ≤ 4) :Ýþ¤�¢ .Û�

P (
94 ≤ X ≤ 4) =

∫ 494 (
14√x

)dx =

√
x2 |494 = 1− 34 =

14âþ¥�� â��� ø üãÞ¹� âþ¥�� â��� ,âþ¥�� â��� ?À����� �¤ öÀõ� ø¤ ñ�Þµ�� ý�Ìê �Ø¨ 2 ���Â� ¤¢ .ü¨�î 2.1.4ßþÂÞ�.À�Æþ��� �¤ �µ¨���.Ý��î üõ ��¿µ÷� 2 á�ãª ø Ǒ�À±õ �îÂõ �� ý� ùÂþ�¢ öø¤¢ é¢�Ê� �� ý� �ÎÖ÷ 7.1.4 ñ�·õ.ÝþÂ�ð üõ x �¤ �îÂõ �� �ÎÖ÷ �b Ü¬�ê.Àª�� x Â·î�À� �îÂõ �� ©� �Ü¬�ê �ÎÖ÷ �Ø�þ� ñ�Þµ�� (Óó�)?´Æ�� Àª�� 12 Â·î�À� ø 13 Ûì�À� �îÂõ �� �ÎÖ÷ �b Ü¬�ê �Ø�þ� ñ�Þµ�� (�)Å� E = πx2 Â��Â� ÂµØ��î ùbÂþ�¢ ´��Æõ ø S = 4π Âµð¤�� ùbÂþ�¢ ´��Æõ .Û�´¨� Âþ¥ �¤�Ê� �µ¨��� üãÞ¹� âþ¥�� â��� ø P = E
S = πx24π

= 14x2
F (x) =







0 , x < 0,14x2 , 0 ≤ x < 2,1 , x ≥ 2.:Ýþ¤�¢ ýÂ�ð ÕµÈõ �� �õ� ÀÈ÷ Û¬�� ñ�Þãõ ©øÂ� Â�çµõ ßþ� âþ¥�� â��� À�� Âû
f(x) =







0 , x < 0,
x2 , 0 ≤ x < 2,0 , x ≥ 2.

=⇒ f(x) =

{

x2 0 ≤ x ≤ 2,0 , Other.Ýþ¤�¢ ��÷ ø ù¢�� âþ¥�� â��� f Å� ∫ 20 x2dx = 1 ö��
P (
13 ≤ X ≤ 12 ) = F (

12 ) − F (
13 ) =

14 (
12 )2 − 14 (

13 )2 =
5144



38 üê¢�Ê� ý�ûÂ�çµõ .4 ÛÊêâþ¥�� ý�Â� ,¢�ª üõ ÓþÂã� E(g) =
∑

X g(x)f(x) �¤�Ê� �µÆÆð âþ¥�� ý�Â� ü®�þ¤ À�õ� �î �¹÷� ¥� 2.1.4°ÜÎõ:¢�� Àû��¡ ß��� �µ¨���
E(g) =

∫

X

g(x)f(x)

:À����� �¤ g(x) =
√

x À�õ� ø σ ø µ Àª�� Âþ¥ ñ�Þµ�� üó�Ú� ý�¤�¢ X Âð� 8.1.4 ñ�·õ
f(x) =

{

x2 0 ≤ x ≤ 2,0 , Other.Å� σ(X) = E(X2) − E2(X) ø µ(x) = E(X) �µÆÆð âþ¥�� Â���� .Û�
µ(x) = E(X) =

∫

xf(x)dx =

∫ 20 x.
x2dx =

x36 |20 =
86

E(X2) =

∫

x2f(x)dx =

∫ 20 x2. x2dx =
x48 |20 = 2

σ(X) = E(X2) − E2(X) = 2− (
86 )2 =

29
E(g) =

∫

X

g(x)f(x) =

∫ √
xf(x)dx =

∫ 20 √
x.

x2dx =
15√

x5|20 =

√325 .ñ��õ 3.1.4ßþÂÞ�?´Æ�� �Ø¨ �¨ ���Â� ¤¢ öÀõ� Â�ª ñ�Þµ�� ý�Ìê (1:´¨� ñ�Þµ�� ý�Ìê ×þ Âþ¥ ý�Ìê �î À���Þ÷ ü¨¤Â� (2
X 1 2 3 4 5 6

P (X) 120 820 320 220 420 220 :À����� �¤ Âþ¥ ��¤�±ä ¤�ÀÖõ ö��î�
E(X) , E(3X) , E(2X − 1) , E(X2) , E((2X + 1)2) , µ(X) , σ(X) , V ar(X)

Àª�� Âþ¥ âþ¥�� ý�¤�¢ X Â�çµõ Âð� (3
X 2 3 4 5

p(X) 0/4 0/1 0/2 0/3 .âþ¥�� ßþ� ý−µ ø σ ´Æ��ÜÎõ



39 üê¢�Ê� ý�ûÂ�çµõ .4 ÛÊê�±¨�½õ ´Æ��ÜÎõ .Ý��î üõ ��¿µ÷� é¢�Ê� °Æ� Â� ´¨� Éì�÷ �ú÷� ý�� 3 �î Ǒüª 10 Ûõ�ª ý� �±ã� ¥� Ǒüª �¨ (4.Éì�÷ Ǒ��ª� ¥� ü®�þ¤ À�õ�:À���Þ÷ ß�ãõ �¤ Âþ¥ Âþ¢�Öõ ø �µª�÷ �¤ ��� 3 ßþÂÞ� üãÞ¹� âþ¥�� â��� ø �µ¨��� âþ¥�� â��� (5
P (2 ≤ X ≤ 4) , P (1 ≤ X ≤ 2)

P (X ≥ 43 ) , P (X ≤ 3)¤�ÀÖõ ´Æ��ÜÎõ ,´¨� f(x) =

{ 2x 0 ≤ x ≤ 1,0 Others.
�¤�Ê� üê¢�Ê� ýÂ�çµõ ñ�Þµ�� üó�Ú� â��� (6

P (
14 ≤ X ≤ 1) , P (

12 ≤ X ≤ 23 )

¤�ÀÖõ ´Æ��ÜÎõ ,´¨� f(x) =

{ 12sinx 0 ≤ x ≤ π,0 Others.
Â��Â� üê¢�Ê� ýÂ�çµõ ñ�Þµ�� üó�Ú� â��� (7

P (0 ≤ X ≤ π2 ) , P (X ≤ π4 ) , P (X ≥ 3π4 )

:À����� �¤ g(x) = x2 À�õ� ø σ ø µ Àª�� Âþ¥ ñ�Þµ�� üó�Ú� ý�¤�¢ X Âð� (8
f(x) =

{ 2x 0 ≤ x ≤ 1,0 , Other. Àª�� Âþ¥ ñ�Þµ�� üó�Ú� ý�¤�¢ X Âð� (9
f(x) =

{ 52x4 −1 ≤ x ≤ 1,0 , Other.:À����� �¤ Âþ¥ â���� À�õ� ø �µê�þ �¤ ø σ ø µ Âþ¢�Öõ
√

x , x2 ,
1√
x

,
1
x4ñ�Þµ�� ´Æ��ÜÎõ .Àª�� f(x) =

{ 3(14 )x , x = 1,2, · · ·,0 , else.
ñ�Þµ�� â��� ý�¤�¢ X �b µÆÆð üê¢�Ê� Â�çµõ Âð� (10.X ö¢�� �ø¥



5 ÛÊê
�û âþ¥��

âþ¥�� á��÷� 1.5
Cn

k = (n
k ) �î ´¨� Âî£ Û��ì .Ýþ¥�¢Â� üõ X üê¢�Ê� Â�çµõ ��� ¤¢ «�¡ âþ¥�� À�� �� Ûþ£ ¤¢«�¡ âþ¥�� À�� 2.5

V [a, b] ´¡���Øþ âþ¥�� 1.2.5âþ¥�� �¤ âþ¥�� ,ù¢�� ´��� üó�Ú� â��� ý¤�¢ X üê¢�Ê� Â�çµõ ßþ� ,Ý��î ��¿µ÷� [a, b) �b Ü¬�ê ¥� �¤ ý� �ÎÖ÷ üê¢�Ê� ¤�Î� Âð�:Ýþ¤�¢ ø ù¢�� ´��� ¢Àä ×þ ,âþ¥�� ¢Â� ø Df = [a, b) �µ¨��� âþ¥�� ßþ� ý�Â� .X ∼ V [a, b] Ý�Æþ�÷ üõ ø Ý���ð ´¡���Øþ
f(x) =

{ 1
b−a , a ≤ x < b,0 , else..σ2x = 112 (b − a)2 ø µ = a+b2 �µ¨��� âþ¥�� ßþ� ý�Â�?´Æ�� Àª�� 2/25 ø 1/5 ß�� �ÎÖ÷ ßþ� �Ø÷� ñ�Þµ�� ,Ý��î üõ ��¿µ÷� [1,3] �b Ü¬�ê ¥� é¢�Ê� �� �ÎÖ÷ ×þ 1.2.5 ñ�·õßþ�Â���� X ∼ V [1,3] ö�� ,Àª�� ü��¿µ÷� �bÎÖ÷ X Âð� .Û�

f(x) = {
12 , 1≤x≤30 , else ßþ�Â����

P (1/5 ≤ x ≤ 2/25) =

∫ 2/251/5 12dx = 0/375
üó�÷Â� âþ¥�� 2.2.5(´ÆØª) öÀÈ÷ âì�ø ñ�Þµ�� �¤�Ê�þ� ¤¢ ,Àª�� p Â��Â� (ý¥øÂ��) X Àõ�È�� á�ìø ñ�Þµ�� ,üê¢�Ê� üÈþ�õ¥� ¤¢ À��î ­Âê�µÆÆð âþ¥�� ßþ� ø üó�÷Â� Â�çµõ �¤ X Â�çµõ ßþ� ø P (X = 0) = 1− p ø P (X = 1) = p ßþ�Â���� .¢�� Àû��¡ q = 1− p ö�40



41 �û âþ¥�� .5 ÛÊê:¢�� Àû��¡ Âþ¥ �¤�Ê� âþ¥�� ßþ� üó�Ú� .Ý�õ�÷ üó�÷Â� âþ¥�� �¤
f(x) =







p , x = 1
q , x = 00 , else.Â�çµõ ¢Â� .σ2x = pq ø µ = p ø Σ1

x=0f(x) = f(0)+ f(1) = p + q = 1 Ýþ¤�¢ �fÞÜÆõ ø ùÀ�õ�÷ üó�÷Â� âþ¥�� Âµõ¤�� �¤ p ´�Þî.´¨� Â�¡ ø �Ü� ö� �b¹�µ÷ �î ¢ø¤ üõ ¤�Ø� üÈþ�õ¥� ý�Â� âþ¥�� ßþ� ø ù¢�� Rf = {0,1} üó�÷Â�
B(n, p) ý��ÜÞ�ø¢ âþ¥�� 3.2.52n Â��Â� üÜî¤�Î� q ´ÆØª ø p ý¥øÂ�� Âû ý�¥�� ��Èþ�õ¥� ¢�Àã� ,¢�ª ¤�ÂØ� ¤�� n ÛÖµÆõ ¤�Î� üó�÷Â� Çþ�õ¥� ×þ Âð��� ý��ÜÞ�ø¢ âþ¥�� �¤ �µÆÆð âþ¥�� ßþ� ø ùÀ�õ�÷ X ∼ B(n, p) ý��ÜÞ� ø¢ ýÂ�çµõ �¤ X ´ó�½�þ� ¤¢ .¢�� Àû��¡ Çþ�õ¥�:¢�� Àû��¡ Âþ¥ �¤�Ê� ö� üó�Ú� ø ùÀ�õ�÷ p ø n ý�ûÂµõ�¤��

f(x; n, p) =

{

Cn
x px(1− p)n−x , x = 0,1, · · · , n0 , else.

Cn
x pxqn−x ö� ñ�Þµ�� ø ù¢�� Cn

x Â��Â� ¤�� x ´�Öê�õ �þ ø X = x Àõ�È�� ö¢�¢  ¤ ñ�Þµ�� üó�÷Â� Çþ�õ¥� ¤�� n ßþ� ý�Â� �Âþ¥.´¨�.σ2x = npq ø µ = pq âþ¥�� ßþ� ý�Â� ø ù¢�� ÓþÂã� ©�¡ âþ¥�� �Áó Σn
x=0Cn

x pxqn−x = 1 Ýþ¤�¢ ß���÷-���¡ ÍÆ� Õ±Ï?´Æ�� ,Àþ��� Â�ª ¤�� �¨ �Ø�þ� ñ�Þµ�� .Ý��î üõ ���Â� ¤�� 6 �¤ ü±þ¤��÷ �bØ¨ 2.2.5 ñ�·õßþ�Â���� X ∼ B(6, 12 ) Å� Àª�� Â�ª Àõ�È�� ý�Â� üê¢�Ê� Â�çµõ X Âð� .Û�
P (X = 3) = f(3;6,

12 ) = C63 (
12 )3(1− 12 )6−3 = 20× (

12 )6 =
2064?´¨� ¤ÀÖ� ÂÆ� 2 ßµª�¢ ñ�Þµ�� ýÀ÷¥Âê 5 ùb¢��÷�¡ ¤¢ .´¨� 12 ý� ù¢��÷�¡ ¤¢ Âµ¡¢ �þ ÂÆ� Àó�� ñ�Þµ�� 1.2.5ßþÂÞ��Áó X ∼ B(5, 12 ) ö�� .Û�

P (x = 2) = f(2,5;
12 ) = C52 (

12 )2(1− 12 )3 =
1532

?´Æ�� Ý�ûÀ� ¼�½¬ ���� ´Æ� 3 Â·î�À� �� üÆ÷�ª ¤�Î� �Ø�þ� ñ�Þµ�� ,ü����¤�ú� ø üµÆ� 10 ü÷�õ¥� ¤¢ 3.2.5 ñ�·õø X ∼ B(10, 14 ) Å� Àª�� �û ´Æ� �� ¼�½¬ ö¢�¢ ���� Àõ�È�� ý�Â� üê¢�Ê� Â�çµõ X Âð� .Û�
P (X ≤ 3) =

3
∑

x=0 f(x;10,
14 ) =

3
∑

x=0C10
x (

14 )x(
34 )10−x = 0/776



42 �û âþ¥�� .5 ÛÊê.ñ��õ 2.2.5ßþÂÞ�?´Æ�� À��È�� Â�ª ¤�� 3 ���Â� ¤�� 4 ¤¢ �Ø�þ� ñ�Þµ�� .´¨� 14 ö� öÀõ� Â�ª ñ�Þµ�� �î ùÀª �µ¡�¨ ö��� ý��Ø¨ (1Ý�� ßþ� �Ø�þ� ñ�Þµ�� À�î üõ ý¥�� ¤�� 4 Ý�� ßþ� .¢¤�¢ 23 Â��Â� ý¢Â� ñ�Þµ�� ý¥�� Âû ¤¢ ñ�±��ê Ý�� ×þ (2.¢�ª ùÀ÷Â� �úþ¥�� ÓÊ÷ ¥� Ç�� (�) ?¢Â±� ¤�±Øþ Ûì�À� (�) .¢Â±� ¤�� ø¢ ´¨¤¢ (Óó�)¤�� ø¢ Ûì�À� �Ø�þ� ñ�Þµ�� À�î üõ ý¥�À÷�Â�� üêÀû éÂÎ� ¤�� 4 É¿ª ßþ� .´¨� %65 ¥�À÷�Â�� ×þ ´�Öê�õ ñ�Þµ�� (3?´¨� ¤ÀÖ� À÷�� éÀû ��
P (λ) ß¨��� âþ¥�� 4.2.5:¢�ª üõ ÓþÂã� Âþ¥ �¤�Ê� λ Âµõ�¤�� �� âþ¥�� ßþ�

f(x; λ) =

{

e−λ λx

x! , x = 0,1, · · ·0 , else.üõ ÛþÀ±� λ Âµõ�¤�� �� ß¨��� â��� �� ý��ÜÞ�ø¢ â��� n → ∞ �Ø�µó�� ¤¢ ø ù¢�� ý��ÜÞ�ø¢ âþ¥�� �� Í±�Âõ �µÆÆð üãþ¥�� ßþ�Âû ¤¢ ü��� ý�úÎÜè ,ü�ÔÜ� ��Þó�Øõ ¤�ÀÖõ Û·õ üã�±Ï ý�û ùÀþÀ� Â·î� ¤¢ ´¨�¤�Þª üóø ¢øÀ½õ�÷ üãþ¥�� �î âþ¥�� ßþ� .¢�ª.´¨� µ = σ2 = λ âþ¥�� ßþ� ¤¢ .¢�ª üõ ù¢�Ôµ¨� �µþ��µî��þ¢�¤ ù¢�õ ×þ ¥� ùÀª ÂÈµ�õ α ��¤£ ùbÀä ,ï¤�� ü��µî �½Ô¬Ûì�À� ñø� �Ö�ì¢ 9 ¤¢ �Ø�þ� ñ�Þµ�� .¢�ª üõ ¼±¬ 10 �� 9 �b Ü¬�ê ¤¢ ßÔÜ� 40 Í¨�µõ ¤�Î� ßÔÜ� �îÂõ ×þ �� 4.2.5 ñ�·õ?´¨� ¤ÀÖ� ¢�ª �îÂõ ßþ� �� ßÔÜ� 5ßþ�Â���� X ∼ P (6) Å� λ = 40×960 = 6 ö�� Àª�� �ú�ÔÜ� �� ö¢�¢ ���� Àõ�È�� ý�Â� üê¢�Ê� Â�çµõ X Âð� .Û�
P (X ≥ 5) = 1− P (X ≤ 4) = 1−

4
∑

x=0 e−66x

x!
= 0/737

N(µ, σ2) ñ�õÂ÷ âþ¥�� 5.2.5ø ù¢�� �µ¨��� ñ�Þµ�� ý�û âþ¥�� ßþÂµÞúõ ¥� §ø�ð âþ¥�� �þ (¤�¹�û) ñ�õÂ÷ âþ¥��:´¨� Âþ¥ �¤�Ê� ñ�Þµ�� üó�Ú� â��� ý�¤�¢
f(x) =

1
σ
√2π

e
− (x−µ)22σ2 σ > 0 , x ∈ R.´¨� �¤�Ê�þÀ� ý��ó�Ú÷¥ ÛØª ý�¤�¢ ø ù¢�� ö¤�Öµõ x = µ Í¡ �� ´±Æ÷ âþ¥�� ßþ�´±Æ÷ ü�½�õ .À�õ�÷ üõ ñ�õÂ÷ Â�çµõ �¤ �Ï��Âõ Â�çµõ ø (©�Â�) σ2 ø (ß�Ú÷��õ) µ ý�ûÂµõ�¤�� �� ñ�õÂ÷ ü÷�ø�Âê ü�½�õ �Â÷�üã�±Ï ü�ãþ ñ�õÂ÷ �ÞÜî .Àª�� üõ �÷�ð-Ù÷¥ ø x ¤�½õ �� °÷�¹õ (µ, 1√2πσ2 ) �ÎÖ÷ ¤¢ ÝÞþ�î�õ ý�¤�¢ ö¤�Öµõ x = µ Í¡ ��ýÂ�ð ù¥�À÷� ý�û�Î¡ Û·õ ù¢�� ñ�õÂ÷ âþ¥�� ý�¤�¢ üã�±Ï ø üØþ��ê ý�û ùÀþÀ� °Üè� �î ßþ� ö� ý¤�ÁÚõ�÷ ´Üä ø ´¨� ý¢�ä ø.À÷¤�¢ Çþ�Âð ñ�õÂ÷ âþ¥�� �� ï¤�� ý�û n ý�Â� ��÷ ÂÚþ¢ ý�û âþ¥�� ü¡Â� üêÂÏ ¥�



43 �û âþ¥�� .5 ÛÊêö���õ σ ü�ãþ ´¨� Â� ßú� ¤�¢�Þ÷ Àª�� Âµð¤�� σ ��Âû ,´¨� 1 Â��Â� ø ù¢�� ´��� ù¤��Þû üó�Ú� Âþ¥ ´��Æõ �Ø���¹÷� ¥�ü�½�õ Âþ¥ ´��Æõ ÝÑä� ´ÞÆì ø ù¢�� Â� ùÀ�Èî ü�½�õ Àª�� ÂµØ��î σ2 �� Âû .À�î üõ É¿Èõ �¤ ý�û ù¢�¢ üðÀ�î�Â�ßþÂ�¤�úÈõ ¥� ,ñ�õÂ÷ ü�½�õ �þ ý� �ó�Ú÷¥ ü�½�õ .À�µÆû â��� ÓÎä ¯�Ö÷ x = µ ± σ ¯�Ö÷ .¢�ª üõ âþ¥�� x = µ é�ÂÏ�.´¨� ý¤�õ� ý�û ü�½�õ:´¨� ß��� üã�±Ï ý�û âþ¥�� ¤¢ ñ�õÂ÷ ü�½�õ üðÀ�î�Â� ö���õ §��Öõ(x̄ − σ ø x̄ + σ) ß�� �Ü¬�ê ¤¢ À¬¤¢ 68/27(x̄ − 2σ ø x̄ + 2σ) ß�� �Ü¬�ê ¤¢ À¬¤¢ 95/45(x̄ − 3σ ø x̄ + 3σ) ß�� �Ü¬�ê ¤¢ À¬¤¢ 99/73´ó�� ¤¢ .À�õ�÷ üõ ¢¤�À÷�µ¨� ñ�õÂ÷ ü�½�õ �¤ ü�½�õ σ = 1 ø µ = 0 Âð�,âþ¥�� ßþ� �� Àª�� σ = 1 ø µ = 0 ñ�õÂ÷ âþ¥�� ¤¢ Âð� «�¡.Ý�û¢ üõ ö�È÷ Z ∼ N(0,1) �� �f �Þãõ ø �µÔð ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥��âþ¥�� Ý�û��¿� Âð� .´¨� ùÀª Âî£ �Þ�Þ® ñøÀ� ¤¢ ¢¤�À÷�µ¨� ñ�õÂ÷ Âþ¢�Öõ´¨À� �¤ X ∼ N(µ, σ2x) ñ�õÂ÷ �b ãõ�� ý�Â� �Àµ�� ,ñ�õÂ÷ âþ¥�� ñøÀ� ¥� ù¢�Ôµ¨� ý�Â� .X ∼ N(3/5,4/1) :Ý��î ñ�õÂ÷ �¤�¤ Âþ¢�Öõ ¢¤�À÷�µ¨� ñ�õÂ÷ ñøÀ� ¥� ø ÛþÀ±� Z ∼ N(0,1) ¢¤�À÷�µ¨� ñ�õÂ÷ �b ãõ�� �� �Â÷� z = x−µ
σ Â�çµõ Â��ç� �� Å³¨ ø ù¢¤ø�:¢�ª üõ ö��� ß��� N(0,1) ¢¤�À÷�µ¨� ñ�õÂ÷ .Ýþ¤ø� üõ ´¨À�

z =
X − µ

σ
φ(z) =

1√2π
e−

12 z2ß�Ú÷��õ ø �÷��õ ñ�õÂ÷ ü�½�õ ¤¢ �î ´¨� Âî£ Û��ì ø ù¢�� Sz = 1
σx

Sx �¤�Ê� 7.2.1Ç¿� Õ±Ï �û ù¢�¢ ö¢Âî ¢¤�À÷�µ¨� �ÖþÂÏ°��Â� ßþÀ� ýø�Æõ�÷ ×þ ÓÈ�±� ù¤�� ßþ� ¤¢ �õ� ,´Æ�÷ ´¨¤¢ �� �Þû �fÖ�ì¢ ë�ê ¤�îÁõ Âþ¢�Öõ À��Âû .À�µÆû Õ±Î�õ Ýû Â�.Àª�� üõ 1− 1
z2 �� Â��Â� ¢Â�Ú�õ ¤�Âì µ ± zσ �Ü¬�ê ¤¢ �î ü��Àû�Èõ Ûì�À� Àª�� z ≥ 1 Âð� �î ¢Âî ���¤�.P (X ≥ 1/95) ø P (12 ≤ X ≤ 32 ) ø P (X < 0) ø P (X ≥ 1) ´Æ��ÜÎõ X ∼ N(0,1) Âð� 5.2.5 ñ�·õø 25 Â��Â� °��Âµ� üÆ÷�þ¤�ø ø ß�Ú÷��õ ý�¤�¢ �ú÷� ¥� ÂÔ÷ 25 ß¨ �b ÷�Þ÷ ,�ãõ�� ×þ ¢�Âê� ¥� ýÂ�ð �÷�Þ÷ ×þ ¤¢ 6.2.5 ñ�·õ�ãõ�� ßþ� ¥� ý¢Âê �Ø�þ� ñ�Þµ�� .Àª�� üõ 100?´Æ�� Àª�� ñ�¨ 29 Ûì�À� ý�¤�¢ (Óó�?´Æ�� Àª�� ß¨ ñ�¨ 25 Â·î�À� ý�¤�¢ (�?´Æ�� Àª�� ß¨ ñ�¨ 22/5 Ûì�À� ý�¤�¢ (�?´Æ�� Àª�� ß¨ ñ�¨ 26 ø 23 ß�� ü�¨ ý�¤�¢ (¢



44 �û âþ¥�� .5 ÛÊêý� �ÜÞ� À�� âþ¥�� 6.2.5
p1, p2, · · · , pn �û Àõ�È�� ßþ� ñ�Þµ�� ø ´¨� ùÀª ¥�Âê� A1, A2, · · · , An Àõ�È�� n �� ý� ��Â¹� �÷�Þ÷ ý�Ìê×þ ¤¢ À��î­Âêá�ì�� ¤�� k1, k2, · · · , kn °��Âµ� A1, A2, · · · , An �Ø�þ� ñ�Þµ�� ¢�ª ¤�ÂØ� ¤�� m Çþ�õ¥� Âð� p1 + p2 + · · ·+ pn = 1 �î Àª���� ´¨� Â��Â� À÷À÷��³�

m!

k1!k2! · · ·kn!
p

k11 p
k22 · · · pkn

n

k1 + k2 + · · · + kn = m �îÀ���È�� ¤�±Øþ ��Àî Âû �û¢Àä Âþ�¨ ø ��Àî Âû 6 ø 5 ý�û¢Àä �Ø�þ� ñ�Þµ�� Ýþ�þ¤ üõ ¤�� 8 �¤ ü�ÚÞû °ãØõ 7.2.5 ñ�·õ¥� ´Æ�¤�±ä8!2! × 2! × 1! × 1! × 1! × 1!
(
16 )2(16 )2(16 )(

16 )(
16 )(

16 ) =
355832 = 0/006

ý�îÂõ À� âþ¥�� ý�Â� ñ�õÂ÷ âþ¥�� ü±þÂÖ� �¹�µ÷ 7.2.5.´¨� ×þ¢�÷ ñ�õÂ÷ âþ¥�� �� ý��ÜÞ�ø¢ âþ¥�� ï¤�� ý�û n ý�Â�
zn =

X1 + X2 + · · · + Xn − nµ

σ
√

n ¢¤�À÷�µ¨� ñ�õÂ÷ φ ý�Â�
lim

n→∞
P (a ≤ Zn ≤ b) = P (a ≤ Φ ≤ b) �î

S̄n =
1
n

(X1 + X2 + · · · + Xn)âþ¥�� üØþ¢�÷ ¤��Æ� °þÂÖ� �� λ = np ø ×��î p �Ø÷� ¯ÂÈ� k ×��î Âþ¢�Öõ ý�¥�� ¢¤�¢ üÜÖµÆõ ¢Â�¤�î ß¨��� âþ¥�� �Ø÷� ��.¢�� Àû��¡ B(k; n, p) ∼ P (k; λ) Àª�� λ = np �î ï¤�� n ø ×��î ý p ý�Â� Å� .À�î üõ É¿Èõ �¤ ý� �ÜÞ� ø¢ü��� ÍÜè ø¢ É¿Èõ �½Ô¬ ×þ ¤¢ �Ø�þ� ñ�Þµ�� Àª�� ÍÜè 100 ý�¤�¢ ý� �½Ô¬ 250 ��µî ×þ Âð� 8.2.5 ñ�·õ?´¨� ¤ÀÖ� Àª��ø λ = np = 0/4 ßþ�Â���� n = 100 ø p = 1250 ö�� .Û�
P (0/4) = p(2,0/4) =

(0/4)2e−0/42!
= 0/054



45 �û âþ¥�� .5 ÛÊê.ñ��õ 3.2.5ßþÂÞ�?´Æ�� Àª�� 5 ø -5 ß�� �ÎÖ÷ ßþ� �Ø÷� ñ�Þµ�� ,Ý��î üõ ��¿µ÷� [0,10] �b Ü¬�ê ¥� é¢�Ê� �� �ÎÖ÷ ×þ (1ÂµÈ�� 4 ¥� �þ üÔ�õ ý¢Àä �ÎÖ÷ ßþ� ñ�Ï �Ø�þ� ñ�Þµ�� .Ý��î üõ ¤��µ¡� [−5,5) �b Ü¬�ê ¥� üê¢�Ê� ¤�Î� �¤ ý� �ÎÖ÷ (2?´¨�¤ÀÖ� ,Àª��.À��î ��Æ� �¤ ü�� ý�û ùÂúõ ü®�þ¤ À�õ� Ý��î üõ �¤�¡ ùÂúõ 3 , ü�� ùbÂúõ 5 ø �õÂì ùbÂúõ 4 ýø�� ý� �Æ�î ¥� (3üãþ¥�� â��� �� ßþ� ù¢Âî Ý¨¤ �Â÷� ¤�¢�Þ÷ ø À�Æþ��� �ú÷� ýø¤ ¢�Àä� Û®�Ô� ý�Â� �¤ ñ�Þµ�� âþ¥�� â��� §�� 2 ßµ¿þ¤ ¤¢ (4´¨�Âþ¥ ���Þµ�� ´Æ��ÜÎõ X ∼ B(n, p) Âð� (5
f(2;5,

14 ) , f(3;6,
12 ) , f(1;5,

13 ) , f(2;6,
19 )

ßµ¿þ¤ ��ãê¢ ¢�Àã� ü®�þ¤ À�õ� ´Æ��ÜÎõ À��È�� Í¡ 5 �þ Â�ª ×þ ùÂ¡��� �� Ý��î üõ ���Â� ¤ÀÖ÷� �¤ °þ¤��÷ �Ø¨×þ (6.�Ø¨ ßþ���ÀØ»�û Âð� ø ö�õ�� 2 À��È�� Â�ª ×þ Âð� ø ö�õ�� 5 ßØþ¥�� À��È�� Â�ª �Ø¨ ø¢ Âû Âð� ,¢�þ¤ üõ Ýó�¨ �Ø¨ ø¢ ü�Øþ¥�� (7.¢Â� À�õ� ´Æ��ÜÎõ ¢Â� üõ ö�õ�� ×þ Àª�±÷?´Æ�� ,Àþ��� Â�ª ¤�� ø¢ Â·î�À� �Ø�þ� ñ�Þµ�� .Ý��î üõ ���Â� ¤�� 5 �¤ ü±þ¤��÷ �bØ¨ (8?´¨� ¤ÀÖ� Âµ¡¢ 2 ø ÂÆ� 2 ßµª�¢ ñ�Þµ�� ýÀ÷¥Âê 4 ùb¢��÷�¡ ¤¢ .´¨� 12 ý� ù¢��÷�¡ ¤¢ Âµ¡¢ �þ ÂÆ� Àó�� ñ�Þµ�� (9?´Æ�� Ý�ûÀ� ¼�½¬ ���� ´Æ� 10 Â·î�À� �� üÆ÷�ª ¤�Î� �Ø�þ� ñ�Þµ�� ,ü���� Çª ø üµÆ� 30 ü÷�õ¥� ¤¢ (10.P (X ≥ 0/85) ø P (12 ≤ X ≤ 52 ) ø P (X < 2) ø P (X ≥ 12 ) ´Æ��ÜÎõ X ∼ N(2,4) Âð� (11?´¨� ¤ÀÖ� À���È�� ¤�� ø¢ ��Àî Âû �ø¥ ý�û¢Àä �Ø�þ� ñ�Þµ�� .Ýþ�þ¤ üõ ¤�� 6 �¤ ü�ÚÞû °ãØõ (12Û±ì ��µî �b ãó�Îõ ß�� ¤¢ �Ø�þ� ñ�Þµ�� .´¨� �½Ô¬ 5 Âû ¤¢ ÍÜè ×þ ß�Ú÷��õ ý�¤�¢ ý��½Ô¬ 500 ö�õ¤ ��µî ×þ (13?Àª�� üõ ¤ÀÖ� Ý��î ¢¤�¡Â� ü��� ÍÜè 5 �� 200 �b½Ô¬ ¥�



46 �û âþ¥�� .5 ÛÊê.´¨� ùÀþ¢Âð Âî£ ¤�Èä� Ýì¤ ø¢ �� ¢¤�À÷�µ¨� ñ�õÂ÷ Âþ¢�Öõ �bÞ�Þ® ñøÀ�
− 0/00 0/01 0/02 0/03 0/04 0/05 0/06 0/07 0/08 0/090/0 0/5000 0/5040 0/5080 0/5120 0/5160 0/5199 0/5239 0/5279 0/5319 0/53590/1 0/5398 0/5438 0/5478 0/5517 0/5557 0/5596 0/5636 0/5675 0/5714 0/57530/2 0/5793 0/5832 0/5871 0/5910 0/5948 0/5987 0/6026 0/6064 0/6103 0/61410/3 0/6179 0/6217 0/6255 0/6293 0/6331 0/6368 0/6406 0/6443 0/6480 0/65170/4 0/6554 0/6591 0/6628 0/6664 0/6700 0/6736 0/6772 0/6808 0/6844 0/68790/5 0/6915 0/6950 0/6985 0/7019 0/7054 0/7088 0/7123 0/7157 0/7190 0/72240/6 0/7257 0/7291 0/7324 0/7357 0/7389 0/7422 0/7454 0/7486 0/7517 0/75490/7 0/7580 0/7611 0/7642 0/7673 0/7704 0/7734 0/7764 0/7794 0/7823 0/78520/8 0/7881 0/7910 0/7939 0/7967 0/7995 0/8023 0/8051 0/8078 0/8106 0/81330/9 0/8159 0/8186 0/8212 0/8238 0/8264 0/8289 0/8315 0/8340 0/8365 0/83891/0 0/8413 0/8438 0/8461 0/8485 0/8508 0/8531 0/8554 0/8577 0/8599 0/86211/1 0/8643 0/8665 0/8686 0/8708 0/8729 0/8749 0/8770 0/8790 0/8810 0/88301/2 0/8849 0/8869 0/8888 0/8907 0/8925 0/8944 0/8962 0/8980 0/8997 0/90151/3 0/9032 0/9049 0/9066 0/9082 0/9099 0/9115 0/9131 0/9147 0/9162 0/91771/4 0/9192 0/9207 0/9222 0/9236 0/9251 0/9265 0/9279 0/9292 0/9306 0/93191/5 0/9332 0/9345 0/9357 0/9370 0/9382 0/9394 0/9406 0/9418 0/9429 0/94411/6 0/9452 0/9463 0/9474 0/9484 0/9495 0/9505 0/9515 0/9525 0/9535 0/95451/7 0/9554 0/9564 0/9573 0/9582 0/9591 0/9599 0/9608 0/9616 0/9625 0/96331/8 0/9641 0/9649 0/9656 0/9664 0/9671 0/9678 0/9686 0/9693 0/9699 0/97061/9 0/9713 0/9719 0/9726 0/9732 0/9738 0/9744 0/9750 0/9756 0/9761 0/97672/0 0/9772 0/9778 0/9783 0/9788 0/9793 0/9798 0/9803 0/9808 0/9812 0/98172/1 0/9821 0/9826 0/9830 0/9834 0/9838 0/9842 0/9846 0/9850 0/9854 0/98572/2 0/9861 0/9864 0/9868 0/9871 0/9875 0/9878 0/9881 0/9884 0/9887 0/98902/3 0/9893 0/9896 0/9898 0/9901 0/9904 0/9906 0/9909 0/9911 0/9913 0/99162/4 0/9918 0/9920 0/9922 0/9925 0/9927 0/9929 0/9931 0/9932 0/9934 0/99362/5 0/9938 0/9940 0/9941 0/9943 0/9945 0/9946 0/9948 0/9949 0/9951 0/99522/6 0/9953 0/9955 0/9956 0/9957 0/9959 0/9960 0/9961 0/9962 0/9963 0/99642/7 0/9965 0/9966 0/9967 0/9968 0/9969 0/9970 0/9971 0/9972 0/9973 0/99742/8 0/9974 0/9975 0/9976 0/9977 0/9977 0/9978 0/9979 0/9979 0/9980 0/99812/9 0/9981 0/9982 0/9982 0/9983 0/9984 0/9984 0/9985 0/9985 0/9986 0/99863/0 0/9987 0/9987 0/9987 0/9988 0/9988 0/9989 0/9989 0/9989 0/9990 0/99903/1 0/9990 0/9991 0/9991 0/9991 0/9992 0/9992 0/9992 0/9992 0/9993 0/99933/2 0/9993 0/9993 0/9994 0/9994 0/9994 0/9994 0/9994 0/9995 0/9995 0/99953/3 0/9995 0/9995 0/9995 0/9996 0/9996 0/9996 0/9996 0/9996 0/9996 0/99973/4 0/9997 0/9997 0/9997 0/9997 0/9997 0/9997 0/9997 0/9997 0/9997 0/99983/5 0/9998 0/9998 0/9998 0/9998 0/9998 0/9998 0/9998 0/9998 0/9998 0/99983/6 0/9998 0/9998 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/99993/7 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/99993/8 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/9999 0/99993/9 1/0000 1/0000 1/0000 1/0000 1/0000 1/0000 1/0000 1/0000 1/0000 1/0000


